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1. Introduction 
 
In this appendix, we study three problems: 

• How quickly we have to refocus the LGS WFS in order to track the changes of 
the sodium layer altitude (section 1). 

• How quickly we have to update the LGS centroid gains in order to track the 
changes in seeing and the sodium layer width (section 2). 

• How to position the NGS probes in order to preserve the plate scale in the science 
focal plane (section 3). 

These three problems can be solved by adding supervisory loops to the GSAO control 
system, as described below. 

 

2. The sodium altitude supervisory loop 

2.1. General description 
Several sodium layer monitoring programs such as [1] have revealed that the altitude of 
the centroid of the sodium layer slowly changes during an observing night. On the LGS 
WFS of an AO system, this change will be seen as a spurious defocus term, unless the 
WFS is refocused to track this change. This spurious defocus term will propagate through 
the AO loop and will corrupt the image of the science field. 
 
Fortunately, such a spurious defocus drift will also be detected by the OIWFS. It will 
appear as a slow drift super-imposed on the more rapid, turbulence induced, defocus in 
the direction of the OIWFS GS. In this report, we explore how the OIWFS measurements 
can be used to drive the LGS WFS refocusing mechanism of an MCAO system, in order 
to minimize the effect of the fluctuation in altitude of the sodium layer. 
 
The idea is to use a supervisory close loop as sketched in figure 1. In the supervisory 
loop, the OIWFS measurements are fed into an integrator, which drives the LGS WFS 
focusing lens. But since the OIWFS also measures the residual atmospheric defocus  in 
the direction of the OIWFS GS, the measurement of the sodium-induced defocus (SID) 
will be corrupted by the atmosphere-induced defocus (AID). However the hope is that 
most of the SID is at a much lower temporal frequency than most of the AID, so that a 
judicious choice of the time constant of the integrator will allow to separate the two. In 
this report, we compute the optimal value of this time constant for nominal observing 
conditions and we show that, with such a time constant, the wave-front error induced on 
the science image is very small, obviating the need for a more complex tracking scheme. 
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We use the following notations: 

•  Naf is the contribution of the defocus induced by the altitude changes of the 
sodium layer uncorrected by the supervisory loop. 

• atmf is the contribution of the defocus induced by the residual atmospheric defocus 
in the direction of the OIWFS GS, propagated through the supervisory loop. 

• atmNatot fff +=  is the total defocus error, injected into the AO loop. 

totf will be propagated through the AO loop into the imagery channel as outf . Because the 
bandwidth of the AO loop will be much higher than the bandwidth of totf , we can safely 
assume that outf = totf . 
 
All the above quantities are expressed in nanometers and represent the coefficient of the 
normalized fourth standard Zernike coefficient. This means that the standard deviation 
can be interpreted directly has a wave-front RMS error. 
 

2.2. Sodium altitude PSD 
To date, the most extensive sodium layer monitoring has been performed at the WHT at 
La Palma. Results of these experiments are reported in reference [1]. We were able to  
obtain the time series of the measurements acquired on June 16th 2000 and August 14th 
2000 (courtesy of Laurent Michaille). The data consist of one measurement every 90 
seconds or so over several hours. The first of these nights was relatively quiet, where as 
the second one was rich in sporadic events. The time series are plotted in figure 2, which 
is identical to figure 6 of reference [1]. Quantitative information about these time series  
is given in table 1. 
 
 
 

June 16th  Aug 14th  

Number of samples 194 272 

Standard deviation 500 m 675m 

Power law ν-1.98 ν-1.84 

Table 1 : Sodium altitude time series information 

 
Both time series were not uniformly sampled. Our first step was to use a linear 
interpolation to resample them. We choose to have one sample exactly every 60 seconds. 
 
We then computed the periodogram of each time series. The periodogram is simply taken 
as the square modulus of the Fourier transform of the time series. We found that in both 
cases, the periodogram can be fitted fairly well by a power law, as shown in figure 3. The 
exponent of the power law is given in table 1. As expected, the “quiet” night of June 16th 
exhibit less fluctuations and a lower frequency behavior. 
 



 3

The defocus induced by an uncompensated altitude change of the sodium layer from h  to 
hh ∆+ is given by [2]: 

2
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where R is the radius of the telescope aperture. 
 

2.3. Atmospheric defocus PSD 
We assume that the residual atmospheric defocus in the direction of the OIWFS GS is at 
worst the uncorrected turbulent defocus. Since the OIWFS GS will be within one arc-
minute from the center of the field, most of this defocus will be corrected by the AO loop 
and only the residual defocus, due to noise, aliasing and servo-lag error propagated 
through the AO loop will remain. By taking the fully uncorrected defocus, we over-
estimated the noise affecting the supervisory loop and the error we find are therefore 
conservative. 
 
The PSD of the atmospheric defocus is computed using the same technique as in 
document [2]. The asymptotic behavior is a ν0 law at low frequency, a ν-17/3 law at high 
frequency. The PSD was generated for a wind speed of v=20 m/s, which gives a cut-off 
frequency v/D = 2.5 Hz. The computed atmospheric defocus PSD is shown in figure 4 for 
the median Mauna Kea seeing (r0=23.5 cm). 

2.4. Supervisory loop transfer function 
This is a simple close loop transfer function, as discussed in section 2 of document [2]. 
The gain of the integrator g is related to the time constant τ by the relationship 

)*/(1 Fg τ=  where F is the sampling frequency. Here we choose F=200Hz. We assume 
that the OIWFS integrates during one sampling time and that the loop delay is also one 
sampling time (the precise value of these parameters is not important, as long as the 
supervisory loop sampling frequency is more than a few tens of hertz). 

2.5. Results 
Figure 5 shows Naf , atmf and totf  for different values of the supervisory time constant τ , 

for 200 =r cm and pointing toward the zenith. The optimal time constant is 180 seconds 
and the residual defocus error is 5.9=totf nm rms. We note that without any supervisory 
loop ( ∞=τ ), we get 261== Natot ff  nm rms, which stresses the point of having a 
supervisory loop. 
 
When 0r  decreases (more severe turbulence), the optimal time constant τ  increases in 
order to reduce the noise induce by the atmospheric defocus. Figure 6 (left) shows the 
minimum value of totf  as a function of 0r . We empirically find a 38.0

0
−r  

dependence, with a very good fit. 
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When the telescope is not pointed at zenith, the sodium layer appears farther away and a 
vertical displacement appears to be bigger. In equation 1, both h  and h∆  get divided by 

)cos( Ψ  where Ψ  is the zenith angle. It follows that Naf  decreases as )cos(Ψ . 

However, as Ψ  increases, ( ) 5/3
0 )cos(Ψ∝r  decreases (more turbulence), leading to an 

increased atmf . Figures 6 (right) shows the minimum value of totf  as a function of Ψ . 

We empirically find a ( ) 3.0)cos( Ψ  dependence, with a very good fit. 
 
Putting the two above results together, we find that totf  can be estimated within a few per 
cent by the law: 

( ) 3.038.0
0 )cos(1758.5 Ψ= −rftot   Equation 2 

where 0r is the Fried parameter at zenith, expressed in meters. 

The time constant of the integrators varies from 150 seconds for 250 =r  cm at a zenith 

distance 0=Ψ degrees to 410 seconds for 150 =r  cm at a zenith distance 

45=Ψ degrees. The worst defocus error occurs in the case 150 =r  cm and  
0=Ψ degrees, with 6.10=totf nm rms for an optimal time constant 230=τ seconds. 

Using this time constant for all the other cases instead of the optimal time constant 
degrades the performance of the supervisory loop only by a couple of nanometers at 
most. Therefore adjusting the time constant as a function of the telescope pointing does 
not appear to be a necessity. 
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Figure 1: The sodium layer altitude tracking supervisory loop 

 
 



 6

 

Figure 2: Sodium altitude time series 

 
 

 

Figure 3: Sodium altitude PSD 
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Figure 4: Atmospheric defocus PSD - r0 = 23.5 cm, v=20 m/s 

 

 
Figure 5: Defocus error as a function of the supervisory loop time constant. Dotted 
line: atmf . Dash line: Naf . Solid line + diamond: totf  
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Figure 6: Optimal defocus error as a function of r0 (left) and as a function of zenith 
angle (right). The diamonds are the computed points and the solid line is the fit. 
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3. LGS WFS centroid gains supervisory loop 

3.1. General description 
The LGS WFS centroid gains depend on the size of the spot in each subaperture. All the 
spots have the same tangential width, which is a function of the seeing and laser quality. 
The spots are also elongated radially. The elongation is a function of the width of the 
sodium layer and increases as one goes away from the center of the pupil (see figure 7). 
 
We are planning to use the scheme proposed in references [4] and [5] to track the changes 
in spot size, so that the centroid gains are always optimal. This scheme relies on 
averaging the commands to the DM and looking for any persistent component 
proportional to the calibrated non-common path aberrations. The presence of such a 
spurious component betrays an uncompensated change of the centroid gains. This scheme 
can be implemented as a supervisory loop that takes the DM commands as input and 
output updates of the centroid gains for each aperture, as depicted in figure 8. The update 
process is based on two integrators, one for tracking the seeing and the other one for 
tracking the width (range) of the sodium layer. 
 

3.2. Error budget 
In this report, we are trying to estimate the residual wave-front error due to the imperfect 
tracking of the centroid gains. We know that the non-common path aberrations are 
currently budgeted at 101 nm rms. 

3.2.1. Error budget without spot elongation 
First we neglect the spot elongation. Then the spot size is the same for all the sub-
apertures and is a function of the seeing and laser beam quality. This situation is 
equivalent to a NGS WFS. The centroid gain g is inverse proportionnal to the spot size s. 
 
If our current estimate of the spot size s is off by ds, this introduces in the AO output 
beam an aberration [4]: 
 
a = ds/s*NCPA (1) 
  
where NCPA are the non-common path aberrations. 
It also changes the LGS loop gain by 
 
dg/g = -ds/s  (2) 
 
The spot size is given by the seeing (including laser beam quality). In order to track for 
changes in seeing, we average the NCPA component of the commands sent to the DM 
(through the integrator in a supervisory loop as shown in figure 8, for which we can 
choose the time constant). As for the sodium tracking, too large a time constant will not 
track the seeing quickly enough whereas too low a time constant will introduce 
turbulence noise. The turbulence noise is worst when the NCPA are low order 



 10

aberrations, such as astigmatism. Let's assume then that the NCPA’s are only 
astigmatism. With a time constant of 60 seconds, the residual turbulent astigmatism is 10 
nm rms. Because of the way the centroid gain is updated (see reference [5]), 10 nm rms 
will propagate as 10 nm rms of astigmatism in the AO output beam. Also, the loop gains 
will be off by 10 nm / 101 nm = 10 % 
 
Now the question is: while averaging with a time constant of 60 seconds, how much 
seeing change are we missing? Well, for that we need the PSD of the changes in seeing, 
which we don't have yet. But let's say that the average error is sigma(ds/s) = 0.1. This 
means that during the 60 seconds of averaging, the seeing meanders +/- 10 %. That 
sounds quite conservative to me. Indeed, using Mark Chun’s asymptotic law for the 
fractional seeing change at Cerro Pachon, we find for 60s: 
  
|s(t+60)-s(0.5t s)|/{ 0.5*(ds(t+t)+s(t))} = 0.07 
 
So using equation 1, these +/- 10 % of untracked seeing changes will introduce another 
10 nm rms of astigmatism in the output beam. 
 
Adding the turbulence noise contribution (10 nm rms) and the untracked seeing 
contribution (10 nm rms) in quadrature, we find an error of 14 nm rms. 
 
The LGS gains will also be off by an average of 14 %, according to equation (2). I have a 
temporal model for Altair that computes the residual variance after correction of Zernike 
4 to 105, without any WFS noise. With 800 Hz sampling frequency and a time delay of 1 
ms, I find a residual error of 20.3 nm rms when the loop gain is optimized. If I reduce this 
optimal gain by 14 %, the error becomes 23.6 nm rms. This is a 12 nm increase in 
quadrature. 
 
This extra 12 nm contains all the modes and must be added in quadrature to the 14 nm 
rms of astigmatism. We find: 18.4 nm rms 

3.2.2. Error budget including spot elongation 
The spot elongation changes when the thickness of the turbulence changes. Using again 
the La Palma data from reference [1], we find a standard deviation of 2.6 km. The PSD of 
the thickness fluctuation is mostly low frequency, and can be fitted by a -2.56 power law 
(see figure 9). If we average these fluctuations with a supervisory loop with a time 
constant of 60 seconds, the residual rms height fluctuation is only 10 m. Such a small 
residual has virtually no effect on the spot size. But we do have some turbulence noise 
though. At this point, it gets quite complicated, because when we take the NCPA into 
account, we have to do the averaging in slope space (radial + tangential component), so 
the turbulence noise propagates through the reconstructor. I would recommend just 
adding 10 nm rms for elongation error due to turbulence noise, knowing that we could 
probably use a larger time constant for the elongation tracking and therefore reduce the 
turbulence noise. 
 
The grand total is therefore: 18.4 nm rms + 10 nm rms (in quadrature) = 21 nm rms 
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Figure 7: LGS WFS spot elongation due to the width of the sodium layer 
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Figure 8: LGS WFS centroid gain supervisory loop 

 
Figure 9: Sodium width PSD at La Palma on Aug 14 
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4. NGS probe positioning 
The probes that acquire the three NGS’s must be positioned with a very high accuracy in 
order to preserve the plate scale in the science field. Indeed, a misplacement of the three 
probes relative to one another might introduce a static tilt-anisoplanatism error that will 
change the plate scale. 
 
There are two possibilities for positioning the NGS probes. Either we do it with the 
required accuracy before closing the loop and then we don’t touch them anymore (section 
4.1); or we update their position while the loop is closed (section 4.2). In any case, we 
have to worry about flexures of the probe arms while the telescope is tracking (section 
4.3). 

4.1. Open loop positioning 
In this scheme, we close the high order (LGS) loop on the DM, but not the low order 
(NGS) loop. We average the NGS WFS reading and adjust the probe arm in order to 
center the average position of the spots. Only when the probes are positioned with the 
required accuracy do we close the NGS loop. The issue here is how much time we need 
to average for to reach the required accuracy. The more we average, the more accurate 
the probe can be positioned, but the more observing time is lost. 
 
We have studied what centering accuracy can be reached as a function of averaging time. 
Since the high order loop is closed, the NGS position error is due to noise in turbulent tilt 
determination. Turbulent tilt has mostly two origins: windshake and atmospheric tilt. We 
use the same models we have used for Altair (see reference 3). The PSDs are presented in 
figure 10. We are interested here in the low temporal frequencies of these PSDs. 
Therefore the outer scale is important for the atmospheric PSD. With an infinite outer 
scale, the asymptotic behavior of the atmospheric tilt is a –2/3 power law at low 
frequencies. With a finite outer scale, this law changes to a +2 power law, for frequencies 
lower than V/L0 where V is the wind speed and L0 the value of the outer scale. 
 
The centering error as a function of the averaging time is plotted on figure 11 for 
different values of L0. We have assumed r0=18 cm and V=20 m/s. We find that for 
L0=50 m, averaging for 60 seconds gives a rms error of 1.1 mas. 
 
We note that in order to preserve the plate scale, it is the relative separation between the 
NGS that needs to be preserved, more than their absolute position. Therefore we should 
use the differential tilt power spectrum rather than the absolute tilt. We do not have at the 
moment an easy way to compute the PSD of the differential tilt. For NGS typically 1 
arcmin apart from each others, the amplitude of the differential tilt is less than the 
amplitude of the absolute tilt. We can then conclude the results given in figure 11 are 
conservative. 

4.2. Closed loop positioning 
Another approach is to roughly position the probe open loop, and then refine this 
positioning while the loop is closed. If the NGS loop is closed and the probes are mis-
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positioned, a static spurious tilt-anisoplanatism aberration will build up on the DMs. Then 
a supervisory loop that would average the commands to the DM and scan for tilt-
anisplanatism aberrations should be able to improve the probe position by nulling the 
static tilt-anisoplanatism modes on the DMs.  This can be achieved through a supervisory 
loop, the bandwidth of which can be adjusted optimally. This approach is very attractive 
because it saves observing time. The drawback is that if a quasi-static tilt-anisoplanatism 
mode naturally occurs in the optical path, not only it won’t be corrected but it will also 
induce a plate scale error on the science focal plane. 

4.3. Flexures of the probe arms 
As the telescope tracks, the temperature and gravity vector changes and the probe arm 
may flex. If left uncorrected, these flexures will induce a change of plate scale in the 
science focal plane. The advantage of the closed loop positioning scheme is that these 
flexures will be corrected automatically. In the open loop scheme, the flexures will have 
to be calibrated for different temperature and gravity vectors and corrected while the 
telescope is tracking. 
 
 
  

 
Figure 10: Tilt PSD for V=20 m/s and r0=23.5 cm. Dotted line: atmospheric tilt with 
an infinte outer scale.  Solid line: atmospheric tilt with L0=50m. Dashed line: 
windshake induced tilt (Mauna Kea model) 
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Figure 11: Centering error as a function of the averaging time. Dashed line: infinite 
outer scale. Dotted line: L0=100m. Solid line: L0=30m 
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